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A Conserved variable in the perturbed hydrodynamic world model
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We introduce a scalar-type perturbation variable Φ which is conserved in the large-scale limit con-
sidering general sign of three-space curvature (K), the cosmological constant (Λ), and time varying
equation of state. In a pressureless medium Φ is exactly conserved in all scales.
PACS numbers: 98.80.Hw, 98.80.-k
1. Introduction: Relativistic cosmological perturba-
tions with hydrodynamic energy-momentum tensor was
originally studied by Lifshitz in 1946 [1] based on the
synchronous gauge. More convenient analyses based on
better suited gauge conditions were made by Harrison
in 1967 [2] and Nariai in 1969 [3]. Although the vari-
ables used by Harrison and Nariai are free of gauge
degree of freedom (thus, equivalent to corresponding
gauge-invariant variables), these gauge conditions be-
came widely known by a seminal paper by Bardeen in
1980 [4]. We believe these are brighter side of the history
concerning gauge condition in the cosmological pertur-
bation: Lifshitz carefully traced the remaining gauge so-
lutions, Harrison and Nariai in fact hit the correct gauge
conditions for handling aspects of hydrodynamic pertur-
bations [see below Eq. (5)], and Bardeen showed the
gauge invariance of the variables used by Harrison and
Nariai and demonstrated the diversity of gauge condi-
tions and gauge-invariant way of handling them. On the
other side, there exist persistent algebraic errors in the
literature which are often claimed to be due to wrong
gauge conditions [5]. These errors probably gave some
researchers an (inappropriate) impression that the field
is ‘plagued with gauge problems’. In any case, there ex-
ist many gauge conditions waiting to be employed with
possible advantages in exploring certain aspects of prob-
lems. In 1988 Bardeen [8] made a practical suggestion
concerning the gauge condition which allows maximal
use of the various different gauge conditions depending
on problems. In [9] we elaborated the suggestion and
recently termed our approach a gauge-ready mothod; see
Sec. 2.
We may not need to emphasize the importance of con-
served quantities in physical processes. In cosmological
perturbations the conserved variable can provide easy
connection between the final results and the initial condi-
tions. Aspects of conserved perturbation variables were
discussed in [10–14]. In this paper, based on the gauge-
ready method, we will derive a scalar-type perturbation
variable which is conserved in the large-scale limit in-
dependently of changing background world model with
general K, Λ, and the perfect fluid equation of state.
Besides the scalar-type perturbation we also have
the vector-type (rotation) and the tensor-type (gravita-
tional wave) perturbations which evolve independently
to the linear order in our simple background world
model. We also have conserved quantities for these
additional perturbations: ignoring anisotropic stresses,
the angular-momentum of the rotation is generally con-
served, whereas the non-transient solution of the gravi-
ational wave is conserved in the super-horizon scale in
near flat case. These two conservation properties were
already noticed in [1], and recently, we have elaborated
these conservation properties in some general situations
[15]. In the following we concentrate on the scalar-type
perturbation with the hydrodynamic energy-momentum
tensor.
Although redundant, in order to make this paper self-
contained, in the Appendix we present the complete set
of perturbed equations based on Einstein equations. Our
new result is the conserved variable in Eq. (9) with the
equation and the large-scale solution in Eqs. (13,11).
2. Notations and strategy: We consider the most gen-
eral scalar-type perturbations in the spatially homoge-
neous and isotropic world model. Our notations for the
metric and the energy-momentum tensor are:
ds2 = −a2 (1 + 2α) dη2 − a2β,αdηdx
α
+a2
[
g
(3)
αβ (1 + 2ϕ) + 2∇α∇βγ
]
dxαdxβ , (1)
T 00 = − (µ¯+ δµ) , T
0
α = −
1
k
(µ+ p) v,α,
Tαβ = (p¯+ δp) δ
α
β +
1
a2
(
∇α∇β −
1
3
∆δαβ
)
σ, (2)
where 0 = η, and an overbar indicates a background
order quantity and will be ignored unless necessary. Spa-
tial indices (α, β, . . .) and ∇α are based on g
(3)
αβ which is
the three-space metric of the homogeneous and isotropic
space. β and γ always appear in a spatially gauge-
invariant combination χ ≡ a(β+aγ˙); an overdot denotes
the time derivative based on t with dt ≡ adη. Using χ,
all the perturbed metric and energy-momentum tensor
variables in Eqs. (1,2) are spatially gauge-invariant.
Perturbed order variables can be expanded in eigen-
functions of the Laplace-Beltrami operator (∆ based on
g
(3)
αβ ) with eigenvalues −k
2 where k is a comoving wave
1
number [4]; to the linear order each eigenmode decouples,
and without any confusion we can assume variable in ei-
ther the configuration space or the phase space. For the
flat (K = 0) and the hyperbolic (K = −1) backgrounds
k2 takes continuous value with k2 ≥ 0, whereas in the
spherical (K = +1) background we have k2 = n2 − K
(n = 1, 2, 3, . . .) [1,2,16,17]. Situation in the hyperbolic
background may deserve special attention. Probably be-
cause any square integrable function can be expanded
using harmonics with k2 ≥ 1 (subcurvature) modes only,
most of the cosmology literature ignored 0 ≤ k2 < 1 (su-
percurvature) modes, and gave a wrong impression that
the supercurvature modes do not exist [1,2]: a state of
affairs was well summarized in [17]. In the spherical back-
ground, the lack of physically relevant perturbations for
the lowest two harmonics n = 1 (k2 = 0) and n = 2
(k2 − 3K = 0) was pointed out in [1]. Later, we will
use vanishing c2sk
2 term as the large-scale limit. Thus
the results in such a limit will be relevant in all scales for
generalK in the pressureless medium (c2s = 0), and in the
large-scale limit (k2 → 0) for the flat and the hyperbolic
situations in a medium with c2s ∼ 1(≡ c
2).
Complete sets of equations for the background and the
perturbed orders are presented in the Appendix. Equa-
tions (19-25) are written in a gauge-ready form. In this
form we still have a right to choose a temporal gauge
condition, [9]. Equations are designed so that impos-
ing the gauge condition is as simple as the following:
the synchronous gauge chooses α ≡ 0, the comoving
gauge chooses v/k ≡ 0, the zero-shear gauge chooses
χ ≡ 0, the uniform-curvature gauge chooses ϕ ≡ 0, the
uniform-expansion gauge chooses κ ≡ 0, the uniform-
density gauge chooses δµ ≡ 0, etc. Except for the syn-
chronous gauge, since any of the other gauge conditions
completely fixes the temporal gauge degree of freedom
[see Eq. (27)], any variable in such a gauge condition
is equivalent to a unique gauge-invariant combination of
the variable concerned and the variable used in the gauge
condition. Examples of some useful gauge-invariant com-
binations can be constructed using Eq. (27):
ϕv ≡ ϕ−
aH
k
v, ϕχ ≡ ϕ−Hχ,
δv ≡ δ + 3(1 + w)
aH
k
v, vχ ≡ v −
k
a
χ. (3)
In this way, we can flexibly use the gauge degree of free-
dom as an advantage in handling problems [8,9].
3. A conserved variable: From Eqs. (19,20,22,23) we
can derive [18]
µ+ p
H
[
H2
(µ+ p)a
( a
H
ϕχ
)
·
]
·
+ c2s
k2
a2
ϕχ = stresses. (4)
In the large-scale limit, super-sound-horizon scale where
we ignore c2sk
2/a2 term [19], and ignoring stresses (e and
σ), Eq. (4) has an exact solution valid for general K, Λ
and time-varying equation of state p(µ), [20,7]
ϕχ(x, t) = C(x)4πG
H
a
∫ t
0
(µ+ p)a
H2
dt+ d(x)
H
a
, (5)
where C(x) and d(x) are coefficients of the growing and
decaying solutions, respectively. ϕχ most closely resem-
bles the behavior of perturbed Newtonian potential [7].
The variables most closely resembling the Newtonian be-
haviors of the density and velocity perturbations are δv
and vχ, respectively [2–4,7]. From Eqs. (20,21), and Eqs.
(19,21,22), we can derive, respectively:
k2 − 3K
a2
ϕχ = 4πGµδv, (6)
ϕ˙χ +Hϕχ = −4πG (µ+ p)
a
k
vχ − 8πGHσ. (7)
Solutions for δv and vχ follow from these equations. We
can similarly derive a solution for ϕv using
ϕv ≡ ϕ−
aH
k
v = ϕχ −
aH
k
vχ. (8)
Introduce
Φ ≡ ϕv −
K/a2
4πG(µ+ p)
ϕχ = ϕv −
K
k2 − 3K
δv
1 + w
, (9)
where we used Eq. (6), [21]. Using Eqs. (8,7), ignoring
σ, we can show
Φ =
H2
4πG(µ+ p)a
( a
H
ϕχ
)
·
. (10)
Thus, using the large-scale solution in Eq. (5) we have
Φ(x, t) = C(x), (11)
where the decaying solution has vanished. Therefore, Φ is
generaly conserved in the super-sound-horizon scale con-
sidering general K, Λ and time-varying p(µ). On the
other hand, from Eqs. (4,10), thus ignoring stresses, we
have
Φ˙ = −
Hc2s
4πG(µ+ p)
k2
a2
ϕχ. (12)
Thus, in a pressureless case Φ(x, t) = C(x) is an exact
solution valid in general scale; this was noticed in [13].
Combining Eqs. (10,12) we have a closed form equation
for Φ
H2c2s
(µ+ p)a3
[
(µ+ p)a3
H2c2s
Φ˙
]
·
+ c2s
k2
a2
Φ = 0, (13)
which is valid for c2s 6= 0. Thus, for vanishing c
2
sk
2/a2
term [19] we have a general solution
Φ(x, t) = C(x) + d˜(x)
∫ t
0
H2c2s
4πG(µ+ p)a3
dt, (14)
which includes c2s = 0 limit. We can show easily that
d˜ term in Eq. (14) is higher-order in the large-scale ex-
pansion compared with d term in Eq. (5): by comparing
2
the two solutions of Eqs. (5,14) in Eq. (12) we can show
d˜ = −k2d = ∆d. Therefore, the solution in Eq. (11) is
valid in the large-scale (super-sound-horizon scale) with
vanishing dominating decaying solution.
4. Other conservation variables: Φ differs from the
well known conserved variable ζ in [10,8]. In [10] ζ was
introduced in the flat background and in that background
it is the same as
ζ = ϕ+
δ
3(1 + w)
≡ ϕδ, (15)
whereas, in the flat background we have Φ = ϕv [22]. It is
interesting to note that ϕδ is also conserved in the large-
scale limit considering general K [7]: from Eqs. (6,9,15),
we can derive
ϕδ = Φ +
1
12πG(µ+ p)
k2
a2
ϕχ. (16)
According to the solutions in Eqs. (5,11), or Eq. (14), we
can see that for vanishing k2 order term ϕδ is conserved
considering general K. However, we also see that due to
the second term the conservation property of ϕδ breaks
down near and inside horizon (k/[aH ] ≥ 1) even for K =
0; whereas, Φ is conserved independently of the horizon
crossing in the matter dominated era. We can also show
the conservation property of ϕκ: from Eqs. (27,20) we
can show
ϕκ ≡ ϕ+
Hκ
3H˙ − k2/a2
=
ϕδ
1 + k
2
−3K
12piG(µ+p)a2
. (17)
Thus, the conservation property of ϕκ breaks down for
K 6= 0 or near and inside horizon. In the K = 0 sit-
uation, ϕ in many different gauge conditions shows the
conserved behavior in the large-scale limit: for the ideal
fluid see Eqs. (41,73) in [23], and Eq. (34,35) in [24]; for
the scalar field see Eqs. (92) in [25]; and for the general-
ized gravity see Sec. VI in [26]. Conservation properties
of ϕ in various gauge conditions were also discussed in
[13,14] where the arguments were based on the first or-
der equations of the type in Eq. (12).
5. Discussions: We would like to emphasize again that
the conservation property of Φ is valid in the limit of van-
ishing c2sk
2/a2 term. Thus, in the pressureless medium
(c2s = 0) it applies in all scales for general K, and in
the medium with dominant pressure (c2s ∼ 1) it applies
in the large-scale limit (k2 → 0) for the flat and the hy-
perbolic situation. As long as these conditions are met,
Φ is conserved independently of time varying equation
of state p(µ). Since we anticipate time varying equa-
tion of states during equal-time from the radiation domi-
nated era (p = 13µ) to the matter dominated era (p = 0),
and during (p)reheating period from the acceleration era
(p < − 13µ) to the radiation era, and since the obser-
vationally relevant scales stayed in the large-scale limit
during the transitions, Φ is a practically important quan-
tity in tracing the evolution of scalar-type perturbation
from the early universe till recent era before the nonlinear
evolution takes over.
We would like to conclude by remarks on the history
about the variables in Eq. (9): ϕχ and δv in their gauge-
invariant forms became widely known by Bardeen’s work
in 1980 (these are ΦH and ǫm in [4]). However, ϕχ is
the same as ϕ in the zero-shear gauge [which fixes χ = 0
as the temporal gauge condition, see Eq. (3)] which was
first used by Harrison in 1967, and δv is the same as δ
in the comoving gauge (which fixes v/k = 0) which was
first used by Nariai in 1969 [3]. For K = 0, the variable
ϕv is widely recognized as a conserved variable in the
literature. Up to our knowledge it was first introduced
as ϕ in the comoving gauge by Lyth in 1985 [11], and later
was used in the context of the scalar field and generalized
gravity as the large-scale conserved variable [27].
We thank Peter Dunsby, Hyerim Noh and Winfried
Zimdahl for many useful discussions. We wish to thank
P. Dunsby for encouraging us to find the conservation
variable for generalK and for hospitality during our visit
University of Cape Town where the result was found.
Appendix
In the following we derive Einstein equations based
on Eqs. (1,2). To the background order, from T 00 and
Tαα −3T
0
0 components of Einstein equations and T
b
0;b = 0,
respectively, we can derive:
H2 =
8πG
3
µ−
K
a2
+
Λ
3
, H˙ = −4πG(µ+ p) +
K
a2
,
µ˙ = −3H (µ+ p) , (18)
where H ≡ a˙
a
. To the perturbed order we can derive:
κ ≡ 3 (−ϕ˙+Hα) +
k2
a2
χ, (19)
−
k2 − 3K
a2
ϕ+Hκ = −4πGµδ, (20)
κ−
k2 − 3K
a2
χ = 12πG (µ+ p)
a
k
v, (21)
χ˙+Hχ− α− ϕ = 8πGσ, (22)
κ˙+ 2Hκ =
(
k2
a2
− 3H˙
)
α+ 4πG
(
1 + 3c2s
)
µδ
+12πGe, (23)
δ˙ + 3H
(
c2s − w
)
δ + 3H
e
µ
= (1 + w)
(
κ− 3Hα−
k
a
v
)
, (24)
v˙ +
(
1− 3c2s
)
Hv =
k
a
α
+
k
a (1 + w)
(
c2sδ +
e
µ
−
2
3
k2 − 3K
a2
σ
µ
)
, (25)
3
where we have introduced
δp(k, t) ≡ c2s(t)δµ(k, t) + e(k, t),
δ ≡
δµ
µ
, w(t) ≡
p
µ
, c2s(t) ≡
p˙
µ˙
. (26)
In Eq. (19) we introduced a variable κ which is the
perturbed part of the trace of extrinsic curvature; sim-
ilarly, for meanings of the other perturbation variables,
see Sec. 2.1 of [9]. Equations (20-23) follow from T 00 , T
0
α,
Tαβ −
1
3δ
α
βT
γ
γ , and T
α
α −T
0
0 components of Einstein equa-
tions, respectively; and Eqs. (24,25) follow from T b0;b = 0
and T bα;b = 0, respectively. This set of equations were
originally derived in Eqs. (41-47) of [8], see also Eqs.
(22-28) in [9].
Under the gauge transformation x˜a = xa+ξa, we have
(see Sec. 2.2 in [9]):
α˜ = α− ξ˙t, ϕ˜ = ϕ−Hξt, χ˜ = χ− ξt, v˜ = v −
k
a
ξt,
κ˜ = κ+
(
3H˙ −
k2
a2
)
ξt, δ˜ = δ + 3 (1 + w)Hξt. (27)
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